Abstract. Let M st (M pst ) be a moduli space of stable (polystable) bundles with fixed determinant on a complex surface with b 1 = 1, pg = 0, and let Z ⊂ M st be a pure k-dimensional analytic set. We prove a general formula for the homological boundary δ[Z] BM ∈ H BM 2k−1 (∂M pst , Z) of the Borel-Moore fundamental class of Z in the boundary of the blow up moduli spaceM pst . The proof is based on the holomorphic model theorem of [Te5] , which identifies a neighborhood of a boundary component ofM pst with a neighborhood of the boundary of a "blow up flip passage".
Introduction
Let (X, g) be a Gauduchon surface [Gau] , (E, h) a Hermitian rank-2 bundle over X, D a holomorphic structure on the determinant line bundle det(E) and a the Chern connection of the pair (D, det(h)). The moduli space M pst (M st ) of polystable (stable) holomorphic structures E on E with det(E) = D can be identified with the instanton moduli space M ASD (respectively M ASD * ) of (irreducible) projectively ASD unitary connections A on E with det(A) = a [DK] , [Bu] , [LT] , [Te1] , [Te3] , [Te5] . The stable part M st ⊂ M pst is open and has a natural complex space structure, which, in general, does not extend across the reduction locus R := M pst \ M st (the subspace of reducible instantons). The set of topological decompositions of E (as direct sum of line bundles) can be identified with the set
where ∼ is the equivalence relation defined by the involution c → c 1 (E) − c. We assume that c 1 (E) ∈ 2H 2 (X, Z), which implies that this involution has no fixed points. Moreover, under this assumption, we showed [Te3] , [Te5] that, for a surface with b 1 (X) = 1, p g (X) = 0 (in particular for a class VII surface [BHPV] , [Na] ), R decomposes as a disjoint union of circles
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where C λ := [E] ∈ M
pst | E has a direct summand L with c 1 (L) ∈ λ . Choosing a representative c ∈ λ, and putting d := which has a natural structure of a manifold with boundary around the exceptional locus P λ := p −1 λ (C λ ) [Te5] . This exceptional locus is a fiber bundle over C λ with a complex projective space as fiber. It's important to point out that, in our framework, a moduli space M st contains distinguished locally closed complex subspaces P c ε , which correspond to families of stable extensions, and are described in Remark 1.1 below. For [L] ∈ Pic(X) define
and for a subset A ⊂ R, and a class c ∈ H 2 (X, Z), put
When A is a singleton (an open interval), Pic c (X) A is a circle (an annulus).
Remark 1.1. Suppose that b 1 (X) = 1, p g (X) = 0, c 1 (E) ∈ 2H 2 (X, Z), let λ ∈ Dec(X) such that C λ is a circle of regular reductions, and choose c ∈ λ. Then 1. There exists an open neighborhood U λ of C λ in M pst such that U λ ∩ M st is a smooth complex manifold of dimension 4c 2 (E) − c 2 1 (E), 2. There exists ε > 0 such that i) for any [L] ∈ Pic c (X) (d−ε,d ) the subspace P [L] is a complex submanifold of U λ ∩ M st . This submanifold can be identified with P(H 1 (L ⊗2 ⊗ K ∨ )), where dim(H 1 (L ⊗2 ⊗ K ∨ ))) = r c := − 1 2 (2c − c 1 (E))(2c − c 1 (E) + c 1 (X)) .
ii) The union [L] ∈Pic c (X) (d−ε,d) P [L] is disjoint, defines a smooth submanifold P Why is this problem relevant for understanding the geometry of an instanton moduli spaces M pst and its families of extensions? In order to explain this, recall first [DK] that M st = M ASD * is naturally embedded in the infinite dimensional moduli space B * of irreducible unitary connections A on E with det(A) = a. The space B * is endowed with tautological cohomology classes [DK] , which will be called Donaldson classes. In general, a Donaldson class ν ∈ H * (B * , Q) cannot be extended across a circle of reductions, but it does extend to the exceptional locus P λ ⊂ M pst λ associated with a circle C λ of regular reductions. This a second important advantage of the blow up moduli space. With this remark we have
is compact, and all reductions in M pst are regular. For any Donaldson cohomology
The point is that the restrictions ν P λ have been computed explicitly [Te2, Corollary 2.6]. Therefore, assuming that Problem 1 is solved, formula (2) yields a strong obstruction to the existence of an analytic set Z ⊂ M st with prescribed topological behavior around the circles of reductions C λ . Note that (in the relevant cases) the particular moduli space M pst , used in our program to prove the existence of curves on class VII surfaces, satisfies the assumptions of Proposition 4.1 [Te3] .
The main result of this article gives a solution to Problem 1. The proof is based on the holomorphic model theorem [Te5] , which states that a neighborhood of the boundary P C in M pst can be identified with a neighborhood of the boundary of a standard model, which we called a blow up flip passage, and whose construction we recall briefly below.
Let B be a Riemann surface, p ′ : E ′ → B, p ′′ : E ′′ → B holomorphic Hermitian bundles of ranks r ′ , r ′′ , and f : B → R a smooth function which is a submersion at any vanishing point, and such that C := f −1 (0) is a circle. The direct sum
is a smooth, S 1 -invariant hypersurface. The induced S 1 -action on Z(m f ) is free away of C (embedded in E via the zero section). Put
at C is a manifold with boundary, whose boundary can be identified with the sphere bundle S(F ′ ⊕F ′′ ) (see section 2.1 in this article, [Te5] ). The blow up flip passageQ f associated with the data (p
This quotient is a smooth manifold whose boundary ∂Q f can be identified with the projective bundle P(F ′ ⊕F ′′ ). The interiorQ f \ ∂Q f can be identified with the quotient Q
is open in E. Therefore this interior comes with a natural complex structure. Note also thatQ f comes with a map q :Q f → B, whose restriction to Q s f is a holomorphic submersion. Choosing points b ± ∈ B ± := (±f ) −1 (0, ∞) (and supposing r ′ > 0, r ′′ > 0), the fibers q −1 (b ± ) are smooth complex manifolds related by a flip. This explains the choice of the terminology "flip passage". More precisely, put P ′ := P(E ′ ), P ′′ := P(E ′′ ) and let P ′ ± (P ′′ ± ) be the restriction of P ′ (P ′′ ) to B ± . The projective bundles P 
The two problems Problem 1, Problem 2, are related by the the holomorphic model theorem proved in [Te5] , which we explain briefly below (see section 2.2 for details). Coming back to our gauge theoretical framework, let λ ∈ Dec(E) with a circle of regular reductions C λ , and fix c ∈ λ. The holomorphic model theorem gives a system (p
whereQ fc is the blow up flip passage associated with (p We explain now our answer to Problem 2, which concerns an arbitrary blow up flip passageQ f (see section 3.3). Let Θ ′ , Θ ′′ be the tautological line bundles of the projective bundles P ′ := P(E ′ ), P ′′ := P(E ′′ ), and denote by Q the total space of the line bundle p * 1 (Θ ′ ) ⊗ p * 2 (Θ ′′ ) over the fiber product P ′ × B P ′′ . We identify this fiber product with the zero section of Q. One has a natural biholomorphism 
In this theorem J
, Z) denotes the join morphism defined in section 3.2 (see formula (17), Remark 3.7).
Our explicit applications concern the moduli space considered in our program for proving the existence of curves on class VII surfaces [Te3] . Let (X, g) be a class VII surface endowed with a Gauduchon metric, K the canonical line bundle of X, K its underlying differentiable line bundle, (E, h) a Hermitian rank 2-bundle on X with c 2 (E) = 0 and det(E) = K, and M st , M pst the two moduli spaces associated with the data (X, g, E, h, K). M pst is always compact [Te3, Theorem 1.11] . Moreover, assuming that deg g (K) < 0, X is minimal and is not an Enoki surface, it follows that M st is a smooth manifold of dimension b 2 (X), and all the reductions in M pst are regular [Te3, Theorem 1.3] . We suppose for simplicity that H 1 (X, Z) = Z, which implies that H 2 (X, Z) is torsion free. Let (e i ) 1≤i≤b2(X) be a Donaldson basis of H 2 (X, Z), i.e. a basis which satisfies the conditions
[Te3, section 1.1]. Put I := {1, . . . , b 2 (X)}, and for I ⊂ I put I := I \ I , e I := i∈I e i .
Since c 1 (E) = i∈I e i , we have Dec(E) = {e I , eĪ} I ⊂ I , hence M pst has 2 b2(X)−1 circles of reductions. Using the notation introduced in Remark 1.1, we have r eI = |Ī|. Therefore, putting k := 1 2 deg k (K), we obtain, for every I I, a projective bundle P eI ε → Pic eI (X) (k−ε,k) with fiber P
|Ī|−1 C
, and an embedding of
This open subset defines an end (the "known end") of M st . As explained before, in the general case, for a given index set I I (including for ∅) is very hard to describe the Zariski closure of P eI ε in M st , even when X is a known class VII surface. The result below, proved using the methods developed in this article, will be used in [Te6] .
Proposition 4.2. Let X be a minimal class VII surface with H 1 (X, Z) ≃ Z and b 2 (X) = 3, which is not an Enoki surface. Let g be a Gauduchon metric on X with deg g (K) < 0. Then
ε contains all four circles of reductions, 2. Let i ∈ I. The Zariski closure of P ei ε in M st has pure dimension 2, does not intersect P 0 ε , and contains the curve P eI ε for a subset I ⊂ I of cardinal 2. If a stable bundle E is the central term of an extension of the form
with c 1 (L) = e I , we agree to say that E is a stable extension of type I. The first statement of Proposition 4.2 shows that, for every I I there exists a family of stable extensions of type ∅ which converges in M st to a stable extension of type I. The second statement shows that for any i ∈ I there exists I i ⊂ I of cardinal 2, and a family of extensions of type {i} which converges in M st to a stable extension of type I i . These statements cannot be proved using complex geometric arguments.
Flip passages and the holomorphic model theorem
2.1. The spherical blow up. Let M be an m-manifold, W ⊂ M a closed rdimensional submanifold. The spherical blow upM W of M at W is a manifold with boundary, which comes with a smooth map p :M W → M with the following properties: 
We refer to [AK] for the construction and the functoriality properties of the spherical blow up. We will give now explicit constructions for the spherical blow upM W in several situations which are of interest for us.
1. The case when W = Z(s) for a regular section s ∈ Γ(E).
Let p : E → M be a real rank r-bundle on M and s ∈ Γ(E) a section which is regular (transversal to the zero section) at any vanishing point. In this case the zero locus W := Z(s) is a smooth codimension r submanifold of M , and the intrinsic derivative of s defines an isomorphism N M W → E W . The spherical blow upM W can be obtained as follows: endow E with an Euclidean structure, and let π : S(E) → M be the corresponding sphere bundle. ThenM W can be identified with the submanifold ) , and this section is transversal to the zero section of this pull back bundle. Via the identificationM W =ŝ, the contraction mapŝ → M is the restriction π • p 1ŝ .
2. The case when M is the total space of a vector bundle p : E → B, and W = Z(θ E ), where θ E ∈ Γ(E, p * (E)) is the tautological section of E.
The tautological section θ E ∈ Γ(E, p * (E)) of E is defined by θ E (y) = y, where the right hand term is regarded as an element of the fiber p * (E) y . The zero locus of θ E is the zero section B ⊂ E. This is a special case of 1., henceÊ B =θ E . On the other handθ E can be obviously identified with
and, via this identification, the contraction map
Example 2.1. Consider the inclusion map j : Z(m f ) ֒→ E of the submanifold intervening in the definition of a blow up flip passage (see section 1, [Te5] ). Then
. This implies that the blow up Z(m f ) C can be identified with the preimage of Z(m f ) in the blow upÊ B of E at the zero locus of its tautological section.
3. The case when M is the total space of a vector bundle p : E → B, and
Suppose s ∈ Γ(F ) is transversal to the zero section, and let W := Z(s) be its zero submanifold.
) is transversal to the zero section, Z((θ E , p * (s)) can be identified with W via p, and one has an obvious identification
In the same way as in 2. we get an identification
and, via this identification, the contraction mapÊ W → E is ((y, v), ρ) → ρy.
2.2.
The holomorphic model theorem. Let X be a surface with b 1 (X) = 1, p g = 0. For such a surface the canonical morphism
and let L be the Poincaré line bundle normalized at x 0 on the prod-
is a circle, and δ induces an isomorphism
We will always endow Pic c (X) {t} with the boundary orientation of ∂Pic c (X) [t,+∞) . With this convention we get an isomorphism
, which is independent of c ∈ H 2 (X, Z), t ∈ R and the Gauduchon metric g. This isomorphism defines a distinguished generator γ X ∈ H 1 (X, Z). Therefore, by definition, we have
Let E be a Hermitian rank 2-bundle with c 1 (E) ∈ 2H 2 (X, Z) on X, D a holomorphic structure on det(E), λ ∈ Dec(E), and c ∈ λ. We define the harmonic map f c : Pic
. The vanishing circle C c := f −1 c (0) = Pic c (X) {d} can be identified with the reduction circle
. Using the Riemann-Roch and Grauert's theorems we obtain [Te5, Proposition 3.3 
]:
Remark 2.1. Suppose C λ is a circle of regular reductions. There exists a Zariski open neighborhood U of C c in Pic c (X) such that the restrictions of the coherent
respectively, and the fibers of the corresponding bundles at a point y ∈ U are identified with
Therefore, for sufficiently small ε > 0, we obtain holomorphic bundles
Cc can be endowed with natural Hermitian metrics, by identifying them with suitable harmonic spaces [Te5] . Using [Te5, Remark 2.8] we obtain a well defined blow up flip passage, which will be denoted byQ fc . Correspondingly, we put F 
where W c is the positive generator of
. The first two statements are proved in [Te5] , and the third can be proved easily using the construction of Ψ c . The fourth follows from [Te2, Corollary 2.6].
3. The homological boundary of an analytic set Z ⊂ Q st f 3.1. The real blow up of a Borel-Moore homology class and its boundary. We start with a brief account on the well known intersection theory in Borel-Moore theory (see for instance [BH, section 1.12] ) in a very particular framework. Since in our results the signs play a crucial role, and in the literature one can find different conventions for the relevant objects intervening in our formulae (the cap product, the orientation of the normal bundle of an oriented submanifold of an oriented manifold, the Thom isomorphism), we will write down carefully the formulae we need.
In general, if M is a differentiable manifold, and Y ⊂ M a submanifold of M , we will always use the direct sum decomposition 
Let p : E → Y be an oriented Euclidean rank r-bundle over a connected, oriented, closed manifold Y . We denote by Φ E the section in the local coefficient system
given by x → [E x , E x \ B(F x )], by B(E) the unit ball bundle of E, and by φ E ∈ H r (E, E \ B(E), Z) its Thom class. For any k ∈ N the morphism
is an isomorphism [Sp, Theorem 5.7.10] . In this formula, on the right, we used the sign convention of [Do, Section VII.12] for the definition of the cap product, which does not agree with the conventions used in [Sp] , [BH] . The factor (−1) kr has been inserted in order to recover the standard isomorphism
We will identify
(B(E), Z) of F and E respectively via the canonical isomorphisms
[BH, Section 1.2]. Via the first identification, [F, F \ B(F )] corresponds to the fundamental class [B(F )] of the oriented manifold F in Borel-Moore homology, hence Φ E corresponds to the section B E of the local coefficient system
, and we can put
By our orientation convention for E (and implicitly B(E)), the fundamental class of B(E) in Borel-Moore homology will be given by [B(E)] = [Y ] ⊗ B E . With these conventions, the morphism p * : H * (Y, Z) → H * (B(E), Z) commutes with the Poincaré duality isomorphisms on Y and B(E), i.e. one has the identity The unit sphere S(F ) of an oriented Euclidean space F is given the boundary orientation of the closed unit diskB(F ), i.e. the orientation for which the obvious isomorphism Rη ⊕ T S(F ) ≃ T F S(F ) is orientation preserving, where η is the outer normal field of S(F ). The sphere bundle S(E) of an oriented Euclidean bundle p : E → Y is oriented using the same rule fiberwise. We denote by S E the section of the local coefficient system x → H r−1 (S(E x ), Z) given by x → [S(E x )]. Using the Leray-Hirsch theorem again, and putting n := dim(Y ), we get as above an isomorphism
and an identification [S(E)] = [Y ]⊗S E . Using the Borel-Moore long exact sequence
associated with the open embedding B(E) ֒→B(E) [BH, Section 1.6], and comparing it with the long exact sequence of the pair (B(E), S(E)), we get
Let M be an oriented Riemannian m-dimensional manifold and W ⊂ M a closed, oriented l-dimensional submanifold. LetM W be the spherical blow up of M with center W . If we omit orientations, the boundary ∂M W can be identified with the sphere bundle S(N W ) of the normal bundle
can be regarded as a k-dimensional Borel-Moore homology class of the interior M W \ ∂M W of the manifold with boundaryM W . Our problem is to compute explicitly the boundary δ(c W ) ∈ H 
Using the obvious identification H
is the inverse image of v via the Poincaré duality isomorphism. Denoting by j U : U ֒→ M , j W : W ֒→ M the embedding maps, by p U W : U → W the projection map, and using formula (7), we get
This proves
Proposition 3.3. Under the assumptions and with the notations above one has
3.2. The join morphisms H k (P(U ) × P(V ), Z) → H k+2 (P(U ⊕ V ), Z). Let G be a Lie group and F a differentiable manifold.
Definition 3.4. The F -bundle associated with a left principal G-bundle P → B and a left action α : G × F → F is defined by P × α V := P × V G where P × V is endowed with the diagonal left G-action.
The standard example is the tautological line bundle Θ U on the projective space P(U ) of a finite dimensional complex vector space U . Denoting by χ 0 the standard character C * → C * = GL(1, C) given by ζ → ζ, one has
Let U , V be finite dimensional complex vector spaces. For a subset A ⊂ P(U )×P(V ) we define its set theoretical join J UV (A) ⊂ P(U ⊕ V ) by
We chose the word "join" because P(Cu ⊕ Cv) is the line joining the pair of points
is the union of joining lines associated with pairs ([u], [v]) ∈ A.
Consider the projective line bundle
Using Definition 3.4, the total space P(p * 1 (Θ U ) ⊕ p * 2 (Θ V )) can be identified with the associated bundle (U * ×V * )× α P 1 , where α : (C * ×C * )×P 1 → P 1 acts by
is a modification which blows up the linear subvarieties P(U × {0}), P({0} × V ) of P(U ⊕ V ). We obtain the diagram (11)
With these notations one has
) . This formula allows us to define a homological version of the join map. The Gysin exact sequence [Sp, Theorem 9.3 .3] of the sphere bundle
Since the odd dimensional homology of P(U ) × P(V ) vanishes, it follows that σ UV is a monomorphism, more precisely identifies H 2k (P(U ) × P(V ), Z) with
This morphism is defined using the homology spectral sequence associated with the the sphere bundle p UV in the following way (see the proof of [Sp, Theorem 9.3.3] ). The local coefficient system
comes with a natural section S defined by the fundamental classes of the complex lines P(Cu ⊕ Cv), hence this local coefficient system can be written formally as ZS.
The morphism σ UV is induced by the composition
The morphism σ UV can be geometrically understood as follows. Let M , N be closed, connected oriented manifolds and ϕ : M → P(U ), ψ : N → P(V ) smooth maps. The manifold P ϕ,ψ := P(ϕ
C fiber bundle over M × N , hence it comes with a canonical orientation induced by the complex orientations of the fibers and and the product orientation of the basis. Then 
Using Remark 3.5 one can check that the definition (13) is compatible with set theoretical join map defined above restricted to the set of algebraic subvarieties of P(U ) × P(V ). More precisely, for an algebraic subvariety A ⊂ P(U ) × P(V ), one has
where [ ] stands for the fundamental class of an analytic cycle. This gives Remark 3.6. Using the Küneth isomorphism H * (P(U )×P(V ), Z) = H * (P(U ), Z)⊗ H * (P(V ), Z) and denoting by u k , v k , w k the fundamental class of the k-dimensional linear variety in P(U ), P(V ), P(U ⊕ V ) respectively, we have
We need a version of the join morphism which takes values in H * (P(U ⊕V ), Z). We denote byV the C-vector space obtained by endowing V with the scalar multiplication ζ ·V v :=ζ · V v. The identity map V →V becomes anti-linear and will be denoted by v →v. For a subset A ⊂ P(U ) × P(V ) we define its set theoretical join
Correspondingly, we replace in diagram (11) • the projective line bundle p UV :
• the map q UV by the map
C . In this way we obtain a homological version of (14), namely
is obtained in the same way as σ UV , but using the Gysin exact sequence of the sphere bundle p Remark 3.7. Denoting by u k , v k , w k the fundamental class of the k-dimensional linear variety in P(U ), P(V ), P(U ⊕V ) respectively, and using the Küneth isomorphism we have
3.3. The closure inQ f of an analytic set Z ⊂ Q s f and the boundary of its fundamental class. We come back to the blow up flip passageQ f associated with the data (p 
We will give an explicit formula, in complex geometric terms, for the boundary
The problem is difficult because, a priori, one has no control on the closure of Z in the manifold with boundaryQ f . Our result will implicitly give an explicit construction of this closure, and show that it belongs to a very special class of real analytic sets ofQ f .
We recall that the circle C = f −1 (0) has been endowed with the orientation defined by the complex orientation of B and the orientation of N B C defined by the differential df . Equivalently, C is endowed with the boundary orientation of
where w k−1 denotes the standard generator of H 2k−2 (P(F ′ x ⊕F ′′ x ), Z). Note first that, by definition, Q s f contains two obvious complex submanifolds for which the problem can be solved easily: Putting
Remark 3.8. Under the assumptions and with the notations above one has
The first (second) formula also applies in the special case when r ′ = 0 (r ′′ = 0); in this special case we have P
+ is disjoint, and should be regarded as the known part of Q s f . The main result of this section concerns the more difficult case of a pure kdimensional analytic set Z which is generically exterior to this "known" part of Q s f , in the sense that dim(Z ∩ (P
′′ * be the complements of the zero sections in the bundles
′′ , consider the associated line bundle given by
where χ i : C * × C * → C * is the character defined by the projection on the i-th factor. In other words, denoting by Θ ′ , Θ ′′ the tautological line bundles on the projective bundles P ′ , P ′′ and by p 1 :
The zero section of this line bundle is a smooth hypersurface which can be identified with
This map is obviously C * -invariant. Q 0 is a locally trivial fiber bundle over B whose fiber over x ∈ B is the cone over the image of P
This cone is singular when r ′ > 1 and r ′′ > 1, hence in this case Q 0 is a singular complex space whose singular locus is the zero section B ⊂ E ′ ⊗ E ′′ . One has an obvious contraction c : Q → Q 0 which induces a biholomorphism Q \ (P ′ × B P ′′ ) → Q 0 \ B, and contracts fiberwise the divisor P ′ × B P ′′ to the zero section B of Q 0 . In other words c is the modification with center B, and the fiber product P ′ × B P ′′ is the exceptional divisor of the modification c. In the diagram below all polygons are commutative, j 1 , j 2 are biholomorphisms. The maps c 1 , c 2 are holomorphic modifications, in particular they are proper. The map c 1 contracts P to {x} when x ∈ B + . Note that
Using the notations introduced in sections 3.1, 3.2 we can state now be an analytic subset of pure dimension k ≥ 1, such that dim(Z ∩ (P . We will apply Remmert-Stein theorem [GR, sec. 2 p. 354 ] to the inclusion
This theorem applies automatically when k ≥ 2 and shows that the closure Z 0 of j 2 (Z \ (P ′ − ∪ P ′′ + )) in Q 0 is a complex analytic set of dimension k. In the limit case k = 1 = dim(B) we have to check that this closure Z 0 does not contain all of B. Since, by assumption, dim(Z ∩ (P
which will complete the argument. To prove this inclusion, let x ∈ B \ C be the limit (in Q 0 ) of a sequence (j 2 (z n )) n∈N of points of j 2 (Z \ (P ′ − ∪ P ′′ + )). Since c 2 is proper, a subsequence (z n k ) k∈N of (z n ) n∈N will converge to a point in y ∈ P ′ − ∪ P ′′ + with c 2 (y) = x. But Z is closed in Q s f , hence we will have y ∈ Z, hence x ∈ c 2 (A) as claimed.
Since c is a modification, the closureZ of c
) in Q is an analytic set. This analytic set is the proper transformZ of Z 0 in Q, and it is pure k-dimensional, because Z 0 \ B has this property. Note also that dim(Z ∩ (P ′ × B P ′′ )) < k as claimed, because the complement ofZ ∩ (P ′ × B P ′′ ) inZ (which is obviously Zariski open inZ) is dense inZ.
(2) Denote by P ′ C , P ′′ C the restrictions of P ′ , P ′′ to C, and put W := P
regarded a submanifold of Q of real codimension 3. As a subset of the smooth hypersurface P ′ × B P ′′ ⊂ Q (the zero section of Q), W is the smooth real hypersurface defined by the equation f • π = 0, where π : P ′ × B P ′′ → B is the obvious projection. The idea of the proof is to construct a continuous extension c :Q W →Q f of c 1 and to make use of Proposition 3.3 applied to (Q, W, [Z] BM ) in order to compute the boundary of [Z \ W ] BM in the homology of ∂Q W .
Note first that W is the zero locus of the section (
where θ Q is the tautological section of the complex line bundle q * (Q) over Q. Therefore, as explained section 2.1, the blow upQ W can be identified with the submanifold
, and, via this identification, the contraction mapQ W → Q is given by ((y, t), ρ) → ρy. Note that the sphere bundle S(Q ⊕ R) is the associated bundle
where S(E ′ ) × B S(E ′′ ) is regarded as a left principal S 1 × S 1 -bundle over P ′ × B P ′′ , and the action β : (
2 u, t) . Using formula (3) of section 2.1, one has an identification
and, via this identification, the contraction mapQ
It is easy to see thatĉ is well defined, takes values inQ f , and is a continuous extension of the holomorphic modification c 1 .
The boundary of [Z \ W ] BM in H 2k−1 (∂Q W , Z) can be computed easily using Proposition 3.3, and the result is: 
byĉ gives a morphism of Borel-Moore homology long exact sequences. Since
The two boundaries ∂Q W , ∂Q f are fiber bundles over C, and the map
Therefore to complete the proof it suffices to show that
. Taking into account (21) the map ∂ĉ x decomposes as ∂ĉ x = q x • G x , where
This diffeomorphism is orientation preserving if S(C ⊕ R) is endowed with the standard orientation (as boundary of D 3 ) and P 1 C with the complex orientation; it maps (0 C , 1) to ∞ ∈ P 1 C , (0 C , −1) to 0 ∈ P 1 C , and is equivariant with respect to the S 1 × S 1 -actions β, α ′ given by the formulae (20), (16). It suffices to recall that, by (15), one has
and to note that, via this identification, one has q x = q [BH, Section 1.6] , and denoting by j : ∂M pst ֒→M pst the inclusion map, we get j * (δξ) = 0. Therefore ν ∂M pst , δξ = νMpst, j * (δξ) = 0 . Here we used essentially that ∂M pst ,M pst are compact, hence their Borel-Moore homology coincides with their usual homology. It suffices to take into account that ∂M pst = λ∈Dec(E) P λ .
We can now apply our results to the geometric problem formulated in the introduction concerning the Zariski closures of the extension families P c ε . We are interested in the moduli space intervening in our program for proving the existence of curves on class VII surfaces. The following result will be used in [Te6] . We use the notations introduced in section 1.
Proposition 4.2. Let X be a minimal class VII surface with H 1 (X, Z) ≃ Z and b 2 (X) = 3, which is not an Enoki surface. Let g be a Gauduchon metric on X with deg g (K) < 0. Then and formula (4) we obtain γ X , h e J , u + k a k e k − e J\{k} , u = 0 ∀u ∈ H 2 (X, Z) , ∀h ∈ H 1 (X, Z) , Therefore e J + k a k (e k − e J\{k} ) = 0, which holds only when a k = 1 for all k ∈ J.
2. Using the fact that X is minimal one can prove as in [Te5] that P y ⊂ M st is a projective plane for any y ∈ Pic 0 (X) (−∞,k) , the union 
